In the first part of this article the authors present experimental results obtained for the oxidation of binary and ternary alloys. The results show that, under particular experimental conditions, the oxidation of metals and alloys presents a nonlinear behaviour due to the coupling of mechanical and chemical process. In the second part of the article is reported a dynamical analysis for a solid-gas reaction represented by a set of rates equations. The analysis delineate the parameter space region where the system of equations presents chemical oscillations.
Introduction
The complexities observed during the oxidation of metals and alloys which at first sight can be qualified of anomalous, from our point of view, are a clear manifestation of couplings between physical and chemical processes. These couplings can be seen as the source of nonlinearities and interesting behaviours. On the other hand, the oxidation of metals presents strong similarities with nonlinear behaviours observed in other physical systems (Section 2). Nowadays, the increasing understandying of complex phenomena (e.g., spatial pattern formation, travelling waves, nonlinear oscillations, chaos [1, 2] ) is due to the recent advances on mathematics which have provided powerful methods to approach such phenomena.
In the domaines of material sciences and oxidation of metals several research groups (Section 3) have given enlightening results to challenging problems (e.g., periodic oxide precipitation, oxide layering) using nonlinear methods. Nevertheless, exist many complex phenomena which remain open.
In the first part of this article, we will present some experimental examples presenting a complex structure and dynamical behaviour. The second part, will be devoted to give the analytical approaches used in our laboratory to enlarge our understandying of the coupling mechanisms governing the oxidation of metals and alloys.
Oxidation
In this section, we present the main results obtained for the oxidation of some binary and ternary alloys. At the same time, we briefly introduce the experimental approach we develop for studying periodic oxide precipitation.
External Oxidation
Experimental results obtained in our laboratory showed exotic morphologies due to the flux of metal and/or oxide. We observed that during the oxidation of Ti-Zr the flux of metal was localized at the surface (Fig. la) [3] . This experiment was perfomed for rectangular samples of (7.5 χ 5.0)mm 2 and 1.14 mm thick at 720C under a pressure of air at 100 mb. For Ti-Zr samples between 0.5 and 2.6 mm thick we observed surface ondulations with an amplitude varying from 50 to 150 μπι and a wavelenght between (350, 500) μπι. In some cases, the flux of mass involves the metal and the oxide. However, is not always easy to elucidate which component has the dominant flux. This last can be illustrated by the oxidation of Niobium which develops an unexpected structure of w 2 cm high with its square bases having the same dimensions of the initial sample. We named this structure diabolo or double pyramid (Fig. lb) [4, 5] . This structure was obtained for (10.0 χ 10.0 χ 0.25) mm 3 samples of Nb under a pressure of oxygen at 100 mb at 900C and an oxidation time of two hours. For temperatures below 900C we do not observed the double pyramid, in contrast, we obtained a quasi-periodic rupture of the oxide characterized by the formation of oxide layers of the same composition (Fig. lc) . In this case, the thickness of the layers increases with the temperature.
The oxidation of alloys has shown that the laminated oxide structure can be obtained either by external or internal corrosion. In the former case, the oxide exhibits, in general, a regular alternation of composition, morphology and porosity of the oxide layers. This can be illustrated with the following observations: a) Oxidation of an alloy (Fe Cr 2 2 Al 5 ) under an atmosphere of H 2 S. In this case, the sulfure layer is divided in two parts; an internal region formed of two type of layers; a) one compact, constituted of Fe (Cr, Al) 2 S 4 with spinel structure and a second microcrystallized layer of Fei_ x ; b) and an external region formed of pyrrothine Fe\-X crystals of hexagonal structure (Fig. 2a) [6] . b) Oxidation of Ti-Al-V using (10 χ 10 χ 5)mm 3 samples at 900C under a pressure of oxygen at 900 mb and an oxidation time of 50 hrs. The oxidation of this alloy showed the formation of TiOi layers constituted of rutile grains with aluminium cristallites localized at the external bords of each layer (Fig.  2b) [4] . c) Oxidation of Ti-Zr (Ti 43%W Zr) under a pressure of 100 mb of oxygen at 750C. In this case, the oxide layer shows an alternation of two TiZr04 layers. One white stoichiometric and a second black non-stoichiometric in oxygen. It has been shown, that during the oxidation of Ti-Zr the alternation of oxide layers is a consequence of a temperature oscillation inside the sample [7] . This behaviour is the results of a competition effect between the exothermic oxidation process and the radiation flux between the reactor and the alloy (Fig. 2c) . 
Internal corrosion
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The oxidation of several binary alloys constituted of dominant composition of a metal (Ag, Cu, Ni, Fe) and a weak composition of an additional element (In, Be, Cr, Μη, Si, Al, Zr) give place to an internal oxidation which is manifestated by the oxide precipitation of the additional element in the matrix of the dominant element. The necessary conditions for observing this phenomenon are; i) the free energy of oxide formation for the additional element must be smaller than that of the dominant element, ii) the diffusion of the oxygen must be higher in the solvent metal than in the solute metal, iii) the concentration of solute must be below a critical value above which the passage to external oxidation occurs.
It has been shown that the internal oxidation obeys to:
i) The reaction front advances according to; χ = kVt (1) where k is the parabolic constant.
ii) The distance between oxide bands obeys the relation [8] ;
X n+1 = kX n (2).
These phenomenological laws suggests that the internal oxidation is related to the periodic precipitation phenomena (Liesegang rings) observed in gels precipitation. This analogy can be illustrated with the following examples:
a) Oxidation at 800C under an atmosphere of hydrogen of Ag samples (AN and 5N) previously saturated in oxygen. In this case, was observed that the hydrogen diffuses in the silver matrix and reacts with the dissolved oxygen forming water vapour which precipitates forming bulles (Fig. 3a) [9] .
b) The oxidation of Ag-Be [10] shows the formation of oxyde (BeO) bands in the silver matrix (Fig. 3b) . This result was obtained for an alloy with 0.16% W of Be under an atmosphere of oxygen at 800C. In this case, was imposed a temperature oscillation with an amplitude of 12C and a period of 7 1/2 minutes during an oxidation time of 9 days. Fig. 3b shows that the formation of bands is not perturbated by the presence of grain boundaries. 0.25% W Mo (T22). The oxidation under water vapour of this alloy at 800C during 400 h (Fig. 3c ) [11] , shows a multilayered oxide constitued of ; i) an external oxyde layer rich in Cr, ii) an internal oxide layer formed of two sublayers one rich in Cr and the second sub-layer constituted of an alternation of sublayers rich in Cr and magnetite, respectively. In this case, the distance between the bands obeys the relation (2) and decreases near the external interface vapour/oxide. d) Oxidation by air of Ag-Cd-M ( M=A1, Mg, Be ) with a concentration of 9% W of Cd and of 0.1 to 1.0% W of Μ ( Fig. 3e and 3f) [12] . When the oxidation process is perfomed with Ag-Cd, we observed a random precipitation of Cd (Fig. 3d) . The addition of weak concentration of a third component (Al, Mg, Be, Sc) produces a periodic precipitation of the oxide bands (CdO). The characteristics of these precipitation bands has been extensively studied given the importance of ternary alloys in electronics.
Analytical Approaches
In this section, we summarize the analytical approaches used in our group for studying the nonlinear aspects of the oxidation of metals. Given the limitation in the presentation we give to the reader the references where he can find a detailed presentation of the analytical methods and hypotheses. Nevertheless, a more detailed presentation for the mechanisms leading to a laminated oxide structure is presented.
Periodic Precipitation
As was mentioned before the formation of oxide bands observed during internal oxidation presents a close similarity with the periodic precipitation. This last phenomena has been studied by Klueh and Mullins [9] who developed a model inspired on Wagner's ideas. Another approach for studying the same phenomena in gels was developed by G.T Dee [13] . This last approach is based on a system of reaction-diffusion like equations where a nucleation function was introduced. The model shows a good agreement with experimental results. The preliminary encouraging results, we obtained with a reaction-diffusion like model, for studying the formation of oxide bands during internal oxidation, shows that the scheme proposed by G.T Dee can lead to enlightening results.
Bistability
Several physical interpretations have been developed for explaining the chemical layering in external corrosion. Between them we can mention, the model developed by J.Μ Chaix et.al., [14, 15] for the oxidation of FeCrAl based on; i) morphological, structural and kinetic observations ii) and the introduction of a Temkin-like nonlinearity in the modelling equations [16] . This last assumption introduces in the model a cooperative effect which is reflected by the oscillation of the system between two stable states. Each steady-state implies the formation of a compound FeS or FeCrS-j.
Periodic Behaviour
It was mentioned before that the oxide formed during the oxidation of metals and alloys presents, under particular experimental conditions, a laminated structure. In this section we will present the main analytical and numerical results obtained with a system of ODE's representing the time evolution of a solid-gas reaction. The analysis was developed using standard bifurcation methods [1] which we believe can enlight our understanding of some kinetical regimes lying outside the parabolic regime. Namely, the observed laminated structures of the oxides which may be a consequence of a passage of the reaction regime from a quasi-stationary to a periodic one via a Hopf bifurcation.
Mechanisms
It is generally accepted in heterogeneous kinetics that a reaction M ao nd + Ggaa -• ΜG so iid·, can be developed in four steps, namely; i) adsorption of gas, ii) an external oxide-gas reaction, iii) diffusion of reactants through the oxide layer, iv) and an internal metal-oxide reaction. If we suppose that these processes are elementary we can define the nature of the activated complex at the internal and external reactions and define their reaction rates. This last can be perfomed if we consider that; a) the gas (G) is monoatomic, monovalent and weakly chemically adsorbed at the external interface, b) the metal (M) is monovalent, c) and the oxide (MG) is an ionic semi-conductor.
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In this study, we used a physical representation for the chemical processes given by M. Soustelle [17] . In this representation, the formation of an oxide unit is due to the transformation of weakly adsorbed atom of gas into a strongly adsorbed phase.
An additional mechanism introduced in our studies is a dynamical coupling between the external and internal interface reaction. This can be perfomed by assuming that the concentration of diffusing particles generated at the internal interface reaction (C' s ) is proportional to the concentration of diffusing particles arriving at the neighbourhood of the external interface (CI). That is:
where the proportionality constant β can be seen as an accumulation of diffusing particles in the oxide layer.
Reaction Rates
The absolute reaction rate theory [18] allow us to write the reaction rates for the species involved in the complete solid-gas reaction. Using this theory and by taking into account the dynamical coupling between the interfaces (eq.3) and a quasi-equilibrium for the formation of activated complex at the interface reactions. It is easy to show, that the reaction rates governing the time evolution of the complete solid-gas reaction can be expressed as [19] ;
C, =a$S0 + βα6 Cs + a7Ca + -^r Cs C,, abo where the coefficients a; are related to the rate constants fc, for i = 1, ...10, Κ is a feeding constant of metallic atoms from the bulk of the metal to the internal interface, α is a geometrical constant related to the structure of the oxide [17] , C m is the concentration of metallic atoms and C Q its initial value, S 0 and C, are respectively the concentrations of initial and time varying adsorption sites, while Cs is the concentration of diffusing particles.
Local Bifurcations
Non-Linearities in Oxidation of Metals
During the last decade the theory of dynamical systems has permitted to study some complex systems (e.g., physical, chemical, biological [20] ) giving qualitative and quantitative insight to non-interpreted experimental observations. Following this novel approach we developed a bifurcation analysis of the ODE's (4) to delineate the parameter space region where the modelled solid-gas reaction can exhibit an oscillatory behaviour. We believe that the existence of this kind of behaviour is a leading factor to observe laminated structures during the oxidation of metals and alloys. In this section, we briefly describe the analysis developed to elucidate this last conjecture.
It can be shown that under suitable changes of variables the ODE's (4) can be transformed, after a long tedious algebra, into; where u = the superfial concentration of metallic atoms, ν -the concentration of diffusing particles and w -the concentration of oxide units. The parameters 7,·, which are complicated expressions depending on the rate constants (see [19] ), will be used as control parameters for studying the underlying dynamics of the system. are satisfied the solid-gas reaction presents a periodic behaviour with a frequency given by: ω 2 = -(71 (2 -f 72) + 1).
Numerical Simulations
For testing the validity of the system (4) we performed numerical simulations using different parameter values. Fig. 4a , shows that the formation of the oxide layer is in excellent agreement with the Arrhenius law. Fig. 4b , shows that the concentration of metallic atoms at the internal interface drastically decreases due to the formation of diffusing particles, δ, and subsequently tends to a steady state due to the transfer of atoms from the bulk of the metal to the metal/oxide interface. This transfer was assumed to be instantaneous (i.e., K=1 see eq (5)). The numerical simulations in Fig. 4 were perfomed assuming that the direct and inverse rate constants are proportional. That is;
where μ=(0.1, 0.0001) is a non-dimensional perturbation parameter. The rate constants k^i-i) were varied in the interval (5. χ 10 7 ,7. χ 10 7 ) Hz.
The superficial concentration of adsorbed gas C g was varied in the interval ( In order to check, the analytical results reported in the last section we performed numerical simulations of the system (5), taking into account, the U 0.004 . If we impose a irreversibility (i.e., k^i) = 0 for i=l,...,5) to the solid-gas reaction, the conditions for observing a Hopf bifurcation are not satisfied. In contrast, Figure 5 shows that using eq. (8), which allows a controlled reversibility of the solid-gas reaction, we obtain a periodic behaviour.
Perspectives
In the last section, we showed part of the analytical results obtained with a solid-gas reaction model. The results show that the mechanisms and the mathematical methods used can give answers to some of the nonlinear aspects of oxidation of metals. However, our results are incomplete because in our model was not included the role of the stress causing the rupture of the oxide layer. A more complete description of the process can be obtained using reaction-diffusion like models.
Other approaches to study oxidation reactions are computer simulations based on molecular dynamics or lattice models [21] . Recently, these methods have been used for studying the fracture of metals given excellent results in agreement with experimental observations. These kind of methods give a novel approach for studying the complexity and the interactions between the different chemical species involved in an oxidation reaction which by other methods would be a very difficult task.
